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Effect of Contact Spacing
on Efficiency of Flat-Plate Solar Collectors

S. Crha* and G.E. Schneidert
University of Waterloo, Ontario, Canada

The attachment of an extended surface to an energy removal tube in a noncontinuous manner is considered.
Rather than to provide continuous weld or solder to form thermal contact, the use of a uniform distribution
of finite regions of contact is examined. In particular, the application to solar energy collection is considered
where a discrete, discontinuous system of contacts offers potential economic benefit in the fabrication and
reliability aspects of construction. The problem is formulated mathematically in nondimensional terms and
numerical solutions employing the finite element method are obtained. Specifically, the sensitivity of the ther-
mal performance of the collector system to weld/solder joint dimensions is presented. It is found that the
discontinuous nature of the weld can significantly degrade system performance with the degree of degradation
strongly dependent on the fin surface Biot modulus. Further, it is observed that the controlling parameter
with respect to the weld dimensions is the perimeter length of the weld location of contact. This observation
will permit direct application of the results obtained to situations other than the rectangular weld planform
specifically considered. A novel and useful method of representation, in the form of a relative performance
ratio, is also introduced and should prove useful in future two-dimensional fin analyses.

Nomenclature
a,b,c,d,e =dimensions of fin problem (Fig. 2)
A =area
Bi = Biot modulus, =ht/k
h = heat-transfer coefficient
k =thermal conductivity
q =incident radiative flux
RPR =relative performance ratio
t =thickness
T =temperature
X,y = Cartesian coordinates

o,8,7,6,{ =nondimensional fin dimensions (Fig. 3)
7 = efficiency

0 =nondimensional temperature

K = conductivity-thickness parameter, =k /Kyt

¢ = one-dimensional parameter, = 3>Bi,/t;*

Subscripts

f =fin

p = pipe

s =sol-air designation

1,2,¢c =fin, pipe, and contact region temperatures,
respectively

Superscripts

()* =nondimensional quantity

Introduction

N heat exchanger configurations it is common practice to
employ tube passages for energy removal that are fas-
tened to the wall of an exchanger surface which, in turn, is
exposed to a radiant flux as well as a second fluid which con-
vectively interacts with this surface. If continuous contact of
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the tubes to the wall is made along the tube length, a one-
dimensional analysis can be performed to determine the
operational characteristics. However, if thermal contact is
made between the tube and the wall only at regular intervals,
the analysis becomes two-dimensional. For this two-
dimensional problem, performance characteristics are not
available since this problem has not yet been investigated.

With particular reference to flat-plate solar collector
energy removal, there are significant cost benefits that can
accrue from the use of a regular thermal contact pattern
(i.e., solder or weld locations) rather than employing a con-
tinuous solder or weld attachment along the entire tube
length. However, as the collector-plate temperature signif-
icantly affects the efficiency of energy collection, and the
thermal tube/plate contact will affect the collector-plate tem-
perature, it is imperative that the performance characteristics
of an energy removal system utilizing such a regularized con-
tact pattern be thoroughly understood. Only then can signifi-
cant steps be taken in proposing contact distributions that
will permit unit cost reductions without significantly affect-
ing the system energy collection efficiency.

The purpose of the proposed paper is to examine such a
system and to determine the performance characteristics rele-
vant to system design and construction. The system being ex-
amined is shown schematically in Fig. 1, where a typical
analysis section has been selected for examination on the
basis of symmetry considerations. While the basic problem
bears a strong resemblance to the contact problems en-
countered in heat exchanger analysis and other applica-
tions,'* the problem is, nevertheless, quite unique in that
there is convective and radiative exposure to the environment
throughout the entire domain. Thermal contact between the
collector-plate fin and energy removal tubes is assumed to
exist only over the area in which the weld or solder applica-
tion has been made. This represents a conservative, worst-
case scenario since, if contact is made at other locations due
to intermittent mechanical contact or by convection, the col-
lection efficiency will be higher than that corresponding to
the proposed model configuration. However, since the cone
tact at the weld locations is thermally much superior to that
other locations due to mechanical contacts and local convec-
tion, the proposed model is indeed highly representative of
the expected conditions and quite realistic from a modeling
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Fig. 1 Physical problem configuration.

point of view. For purposes of modeling the tube energy
transfer, however, the tube curvature effects are neglected
and conduction is modeled as occurring in a rectangular
plate of tube wall thickness and size given by the tube wall
mean radius surface area. The fin assumption is employed
for both the collector and the tube component of the
analysis cell. The above-described problem has not been ad-
dressed previously and it is the purpose of this paper to ex-
amine the influence of problem parameters on the energy
collection efficiency. In particular, the influence of the weld
dimensions on collection efficiency is of vital interest.

Mathematical Formulation of the Problem

The components of the analysis geometry are shown in
Fig. 2. Convection couples the top surface of the collector
fin portion, designated by the subscript f, to an ambient
fluid at temperature 7,. In addition, a radiant flux is inci-
dent on the top surface of the collector plate, and, indeed,
represents the energy for which collection is desired. The
lower inner surface of the energy removal piping, designated
by the subscript p, is convectively coupled to the energy col-
lection fluid at local temperature T,. The lower surface of
the collector plate is insulated as is the upper surface of the
energy removal piping. The weld area is modeled as a region
of rectangular cross section, as shown in the plan view of
Fig. 2, with the fin and piping being in intimate contact only
over this region.

Both the fin material and energy removal piping are
modeled using the fin assumption; i.e., temperature gra-
dients across the material thickness are neglected. An energy
balance, in the steady state, performed on a differential ele-
ment ax-dy, results in the equation

a(kt aT1>+<a t aT‘) (T, —T;) +0q=0
ax \ 7 ax ay 7 ay s i Ted= 1)
Introducing the definition of a sol-air temperature, defined
by

T,=T;+aq/h; @
and noting that &, and f, are assumed to be uniform

throughout the domain, permits the fin equation for the fin
region to be written as

?*T, 9T, hy

+ — T,—-T,)=0; fin 3
3x2 ayz kftf ( 1 s) ( )
while an analogous procedure for the energy removal piping
material results in the equation

9T, 8T, h
2, 2

ax?

£ (T,-T,)=0; piping

Wt kyt, C))
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Fig. 2 Problem model geometry.

where it is noted that the pipe is modeled as an equivalent
flat plate of appropriate planform.

The boundary conditions for the above two partial dif-
ferential equations are given by

Fin:
ﬂ =0 (5a)
ax x=0
aT
It S =0 (5b)
ay y=0
T
LAY B (5¢0)
ax x=b
aT
ot =0 (5d)
y ly_q
Piping:
T.
KEEY (6a)
dx x=0
aT.
2 =0 (6b)
ay y=0
aT.
— =0 (6¢)
ax 1.
aT.
2 =0 (6d)
ay 1.,
Contact:
T,=T,=T, over 0<x<d,0<y<c (7a)
2 2
a*T. T, hy (T.—T)
ax? Ayt (kpttkyt,)
hﬂ
- (7,-T7,)=0 (7b)
(kste+kpt,)

In the latter equation, Eq. (7b), it is recognized that the
energy transport within the contact area will occur in both
the fin and the plate material and that convection occurs
both to the sol-air temperature 7, and the energy removal
temperature 7T,.



NOV.-DEC. 1985

The above equations and boundary conditions are non-
dimensionalized by introducing the following nondimen-
sional variables:

x*=x/a (8a)
y*=y/a (8b)
T-T,
fg=— 2
T,—T, 8o)

Further, the Biot modulus and nondimensional thickness are
defined according to

Bi=ht/k ®
and
*=t/a 10)

Using these definitions, the governing equations become

3%6, 3%6, Bi, —Bi,
N - = 11
x*? ay*? }2 0, t}z 1y
3%0, 9%0, Bi,
+ — = 12
x*? ay*Z t;z ;=0 (12)
and the boundary conditions become
Fin:
%, =0 132)
ax* x*=0 B ( .
%, =0 (13b)
ay* y*=0
%, =0 13
o (13¢)
9, =0 (13d)
ay* yr=1
Piping:
96, =0 (14
ax* x*=0 - a)
96, =0 (14b)
ay* ¥y =0
%, =0 (14
ax* U - C)
%6, =0 (14d)
ay* yr=1
Interface:
0,=0,=0,;, 0<x*<$, 0<y*<«y (15a)
3%, N 3%6. _ ( Big . Bi, )
ax™? ay*? tP(1+1/x) e+ 1)/C

Bi, ) )
Y. g<x'<s, O<
20+ 1/x) X yo< (155)

To summarize, there are many problem parameters on which
the solution, in general, will depend. Functionally this de-
pendence can be written as

80=0(Bi /t}?,Bi,/t2,B,5,8,7,6,% ,y") (16)
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where

has been defined and the nondimensional distances, 3,6,
and v, are as illustrated in the nondimensional problem do-
main of Fig. 3.

Fin Performance

When presenting the thermal performance characteristics
of fins, it is customary to present the fin efficiency 5, which
is defined as the heat rate divided by the rate that would be
achieved if the fin were isothermal at its base temperature.
In solar collection applications, however, the collection effi-
ciency 9. compares the actual energy transfer rate to the rate
at which the radiative energy is incident upon the surface of
the fin. To examine the influence of geometric parameters
related to weld size, however, it is better to remove the direct
dependence of the collection efficiency on the absorptivity of
the fin surface. Therefore, a collector transfer efficiency, 5,,
will be introduced that compares the actual energy transfer
rate to the rate at which incident energy is radiatively ab-
sorbed. These efficiencies are related, however, according to
the following relations:

e = oy, as)

7= (1=07)n, (19

where 6, is the nondimensional value of the actual fluid (not

sol-air) temperature with which the fin surface interacts
convectively.

The efficiency to be presented in this paper is the collector

transfer efficiency, 5,. Mathematically, the collector transfer
coefficiency can be expressed as

n,=— S Sﬁn he(T— Ts)dxdy/g gﬁn agdxdy 0)

Further noting that « and g are constant, and expressing 7,
in terms of nondimensional parameters, we obtain
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where

ag/hy=T;~T, 2)

and
A}:S Sr' dx*dy* 23)
m

have been employed. The above efficiency of energy transfer
depends upon the parameters indicated by Eq. (16), with the
exception of x* and y*, and, in addition, depends upon the
value of 6, Thus, an additional parameter has been in-
troduced through the definition of the efficiency. To
minimize the impact of this additional parameter, and to em-
phasize the dependence of the fin performance of the weld
characteristics, we introduce the relative performance ratio
(RPR), which relates the actual transfer efficiency to that
which would be experienced if the weld were continuous,
i.e., y=1, and if the heat transfer were therefore one-
dimensional.

Therefore, the relative performance ratio is defined ac-
cording to

RPR=1,/n, _ 4)

which removes the dependence on 6. This definition has the
further benefit in that the relative performance expressed in
this manner presents the influence of geometry, weld size
and shape, and convective parameters on the relative
performance, and that this relative performance is unique,
independent of which definition of actual efficiency is em-
ployed. The dependence of the RPR can be expressed func-
tionally as

RPR=RPR (Bi;/t?, Bi,/t}?,8,1,8,7,) (25)

which still contains a significant number of parameters. The
list of parameters will be reduced on the basis of physical
arguments when the numerical results are presented.

Numerical Solution

The finite element method was employed to solve the
overall problem. Each component, the fin and the piping,
was subdivided into a system of two-dimensional finite
elements. The Galerkin finite element procedure was em-
ployed to solve the complete coupled problem with linear,
quadrilateral, isoparametric finite elements used in the
discrete approximation to the continuum problem.

In order to study the effect of the various geometric para-
meters of the problem, a grid generator was constructed
which provided a nonuniform distribution of elements and
element sizes. This was necessary to capture the detailed
distortion of the thermal field in the vicinity of the actual
contact while not being excessively wasteful, from a com-
putational point of view, in the distant regions of the fin
where the thermal field is highly regular. The fin and piping
grids were constructed independently with the necessary
essential criterion being that over the region of contact the
planform of the overlaying elements must be common to
both the fin and piping. The method of establishing element
sizing throughout the domain was based on the size of the
weld itself. A fine mesh was established, based on weld size,
throughout the entire piping domain. A replica of this
distribution was then overlayed on the fin portion of the do-
main and the remaining section of fin toward its outer edge
was subdivided into coarser elements; these elements being a
multiple of the finer element size in the x direction. In this
way, a fine grid was established in both the fin and piping in
the vicinity of the weld, where it is important to capture the
details of the constricting thermal field. Efforts were made in
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the numbering scheme to minimize bandwidth and hence
solution costs. A direct solution algorithm was employed to
effect the solution.

The code was validated initially through application to
three test problems whose geometry conforms to that of the
actual problem. These three test problems are all cases for
which the weld is continuous and, through appropriate selec-
tion of problem parameters, represent three different one-
dimensional problems for which an analytic solution can be
found. These test configurations are shown in Fig. 4. In all
three cases, excellent agreement with the analytic solution
was obtained with errors well below 1%. In addition, a con-
vergence study was performed for a highly constricting case
of small weld size (y=0.2, §=0.08). Element distributions
ranging from 173 to 582 elements were examined with the
total change in efficiency from the coarsest to the finest
mesh being approximately 0.5%. The coarser mesh alloca-
tion system was employed for the subsequent parametric
evaluations with frequent spot checks performed on specific
cases with a finer mesh in order to maintain a local assess-
ment of convergence. It is estimated, on the basis of the
above studies and spot checks, that the solutions presented
for the transfer efficiency are within 1%.

Results

The relative performance ratio relates the actual efficiency
to the one-dimensional, continuous weld efficiency. This re-
quires, therefore, that the one-dimensional efficiency be
available so that actual efficiencies can be determined, if
desired, in addition to the influence of weld geometry on the
performance. As a result, the one-dimensional efficiency will
be presented first. However, it is instrumental before pro-
ceeding, to reduce, to the extent possible, the number of
parameters on which the efficiency depends, without signif-
icantly restricting the utility or applicability of the results.

With respect to presenting the one-dimensional efficiency,
the dependence on 6, appears only in the premultiplying fac-

WELD
PIPE FIN
h
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h>
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WELD
PIPE FIN
Fig. 4 One-dimensional
test problems.
h—®
L
(b)

WELD

PpE /| FIN

’ {c)



NOV.-DEC. 1985

tor of Eq. (21). Thus, we will present the product ,(1-6,),
which is given by

wicop-{if [ owea] e

4
and, in this form, the right-hand side does not depend on 6,.
Second, the restriction will be made to situations in which
Bip/t;,2 is large. This is reasonable in consideration of forced
convection flow in the energy removal piping with natural
convection over the fin surface under typical conditions.
Further, as can be argued from a physical basis, and was
supported by performing actual numerical experiments, this
restriction renders the parameters ¢ and « ineffectual insofar
as their impact on both the efficiency and relative perfor-
mance ratio is concerned. Testing indicated that, with large
values of Bip/t,',z, the influence of { and « on the relative per-
formance ratio was only a fraction of 1%. These tests in-
cluded a wide range of values of { and «.
Under the above conditions, the relative performance ratio
can be expressed effectively in the form
RPR=RPR (Bi;/t?,8,6,7); Bi,/t" — o @n
while the one-dimensional efficiency will not retain a
dependence on . Moreover, for the one-dimensional case,
the section width a is inappropriate for normalization, and
the length b is more suitable. Indeed, in the one-dimensional
standard fin analyses the influence of the Biot modulus and
fin length appear as a single parameter. Making the
necessary modifications to reflect these realizations, the form
of the one-dimensional efficiency is expected to be

1y _p(1=0;) =f(4,6) (28)

where
o= BzBif/ t}z 29)

reflects the expected one-dimensional behavior. For practical
weld sizes the influence of 6 is further expected to be rela-
tively weak.

Both of the above-described expectations are supported by
the results of numerical experiments. These results, presented
in Fig. S, demonstrate the weak influence of é for §=0.02
and 0.10. Further, the curves presented are composite curves
consisting of different sets of overlapping numerical data
corresponding to differing combinations of § and Bi./17.
Their representation on a single curve for a fixed § strongly
supports the expected dependence on 8 and Bi,/¢/* only in
combination through ¢ as defined by Eq. (29). Therefore,
the plot presented in Fig. 5 can be used to determine the one-
dimensional efficiencies for use in combination with the
relative performance ratios to be presented below. Equations
(18) and (19) can be used to relate the different efficiencies
to each other based on their definitions. It is further observed
that the one-dimensional efficiencies as plotted behave as ex-
pected; that is, for small values of ¢ the efficiencies ap-
proach 100%, while for increasing values of ¢ the efficiency
is degraded. This, of course, is based on the conventional
definition of fin efficiency. Through combination of Egs.
(18) and (19), however, the actual collection efficiency n, can
be expressed in the form

o

= Tof)—nf (30

Ne

which shows the direct dependence of collection efficiency
on the fin surface absorbtivity and the inverse complemen-
tary dependence on the fin environmental fluid temperature,
in nondimensional terms, 6.
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Fig. 6 Relative performance ratio for 3=0.5.

The relative performance ratio is presented in Figs. 6-8 for
the actual two-dimensional situation for three different non-
dimensional fin lengths, 3. These curves present the relative
performance ratio as a function of v, the weld length along
the pipe axis, for various values of Bi/t*. The dependence
of the relative performance ratio on the weld width 6 is
relatively weak for the typical values considered. This is an
expected weak dependence. The dependence on both Bi./t}?
and v, however, is more severe as also is expected. All of
these figures indicate a degradation in performance through
a reduction in the RPR as the weld length -y is decreased.
This corresponds directly to the increased thermal resistance
resulting from the necessary constriction of the heat flow as
it passes through the limited region of contact. At low values
of Bi;/t;/* the influence of the finite weld size is considerably
less than that which is felt at higher values. This is due to the
fact that at low values of Bi;/t/*, the performance of the fin
is dominated by the resistance of the surface convective
layer. As the fin length is increased, however, and the frac-
tion of the total resistance that can be identified with the sur-
face layer decreases, the influence of v becomes more pro-
nounced even at the lower value of Bi/f;?. This is evidenced
by the increased dependence on v as (3 is increased from 0.5 to
2.0 to 6.0 in Figs. 6-8.

As the convective resistance is decreased, through increas-
ing Bi;/t/*, the dependence on v increases. Indeed, the
degradation in performance is highly significant for
Biy/t? =1.0. Further, at the higher values of Bi,/t/*, the fin
system becomes thermally long sooner than for lower values.
This can be seen by comparing the curves for Bif/t}zz 1.0
for 8=2 and 6.0. These particular curves effectively overlay
each other indicating that the additional length, for this
larger value of Bi./t/, has little effect on the fin relative per-
formance. Indeed, for these cases the fin efficiency itself is
quite low, and the cause of the continued decrease in the
conventional actual efficiency is due to the increasing value
of ideal fin heat transfer in the denominator while the actual
heat-transfer rate has reached an asymptotically limiting
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RPR

RPR

Fig. 8 Relative performance ratio for 8=6.0.

value. This asymptotic value is reached at shorter lengths as
the convective exchange coefficient is increased. For the
lower values of Bi/t;*, there remains a significant
dependence of the performance characteristics as the fin
length is increased from =2 to 6. It is apparent from
these figures that there is a significant degradation of
performance as the weld size is decreased, and that this
degradation depends strongly on the value of Bi,/t;*. For the
shorter fins, however, at lower values of Bif/t} , the shorter
weld lengths do not influence the fin performance
significantly.

A second realization, in addition to the above perform-
ance characteristics, has surfaced as a result of this investiga-
tion. This realization, as can be argued on a physical basis, is
that, in the constriction region of this two-dimensional con-
striction problem, the resistance within the conducting mem-
bers is not controlled by the actual area of contact, but,
rather, by the perimeter of the weld region. In the two-
dimensional configuration, of course, the area through
which the heat flow occurs is determined as the product of
the weld perimeter and the fin thickness so that in this sense
it is indeed the flow area in the constriction zone that
dominates the determination of the performance. This is ex-
emplified by reference to Fig. 9. In this figure, six different
weld geometries, albeit all rectangular, are illustrated. Each
of these rectangular contacts, labeled as cases 1-6, have a
common value for their perimeter length. The figure cor-
responds to Bi,/t*=0.1 and $=2.0 and it is noted that the
contact planform area varies by as much as a factor of 7.5,
from 0.012 to 0.09, in nondimensional terms. However, the
value of the fin efficiency, ,=(1—0,)y,, varies by less than
2% considering all configurations presented. Further, these
configurations are markedly different, as can be seen by
comparing cases 1 and 6, and yet the resulting efficiencies
are effectively the same. Thus it would be reasonable to sug-
gest that the results presented in this paper could be extended
to weld geometries other than rectangular, provided that the
extension is made with the constraint that contact perimeter
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y*a
1.0
2
Bi¢/t} =0l
/~CA$ E6
y= 0.5+4 ’_‘/-—:‘*5 4
3
2
L1
I .
4] 3:05 B=20 x*
CASE | 8 y [8+y |8xy |M[%]
| 0.5 0.1 0.6 0.05 872
2 0.4 0.2 0.8 0.08 88.1
3 0.3 03 06 0.05 88.1
4 0.2 0.4 0.6 0.08 87.6
5 [oX] 05 0.6 005 866
6 0.02 0.6 0.62 | 0.012 88.3

Fig. 9 Configuration study illustrating the importance of weld
perimeter.

is constant throughout the extension. The error incurred
through such an extrapolation would appear to be on the
order of only several percent. Indeed, this is, a powerful
capability and will permit direct application of the results
presented in this paper to arbitrary weld shape situations
provided the weld perimeter is employed in performing the
extrapolation.

Conclusions

The problem addressed herein has been that of determin-
ing the influence of weld size on the degradation of perform-
ance of fin systems from their continuous weld performance.
The utility of employing a discontinuous weld-fastening pro-
cedure has significant implications on the economics of
fabrication of such systems and concern regarding such
economic considerations has already been voiced by the solar
collector industry. Heretofore, the problem itself has not
been addressed.

The problem geometry has been described and the
mathematical formulation of the problem has been presented
in detail. The governing equations and boundary conditions
were then nondimensionalized to provide greater universality
of application of the results. This procedure revealed a large
number of parameters intrinsic to the problem specification.
This list was substantially reduced in recognition that prac-
tical configurations will experience a highly convecting flow
situation along the pipe wall when compared to that ex-
perienced by the fin surface. A large Biot modulus was
employed for the tube side, which effectively makes the tube
inner wall isothermal, and it was demonstrated that the
dependence on { thereby becomes insignificant. The primary
dependence of interest, that of 4 and §, however, was
preserved under this restriction. In addition, it was observed
that the magnitude of the fin side Biot modulus, through
Bi,;/t?, has a significant influence on the dependence of fin
efficiency on v and 6.

Relations have been presented that relate the differently
defined efficiencies, collection, conventional, and energy
transfer efficiencies, and thereby enable the results presented
to be used in varying formats. Further, a novel concept of a
relative performance ratio, RPR, has been introduced so that
the influence of the two-dimensionality on fin performance,
through 4 and é in this specific situation, can be readily
assessed. This performance ratio is independent of the par-
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ticular definition employed for the fin efficiency and, there-
fore, the results presented in this form are applicable univer-
sally. This performance ratio relates the two-dimensional ef-
ficiency to the continuous weld, one-dimensional efficiency,
and it is expected that this concept will be useful in future
two-dimensional fin analyses.

New results have been presented, in terms of the relative
performance ratio, for the fin problem examined herein.
These results definitively illustrate the influence of weld
geometry on performance and, therefore, will be useful in
designing discontinous weld fin systems. It was observed that
the performance of the fin system can be degraded
significantly through the introduction of small weld areas,
particularly for large Biot moduli on the fin surface. In
order to use these relative performance ratios directly, a plot
of the corresponding one-dimensional efficiency has been
provided.

Further, it was found that the controlling factor in the fin
efficiency or the relative performance ratio was the perimeter
of the weld area. This was dramatically demonstrated
through consideration of six drastically different weld con-
figurations, each of which entailed the same weld perimeter
although the embodied weld areas varied by a factor of 7.5.
It was observed that these dramatically different contact con-
figurations, having a common perimeter length, resulted in
efficiencies differing by less than 2%. This was indeed a
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powerful realization and will permit the results presented
herein to be used for weld configurations having significantly
different weld shapes.
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